We discuss a superfluid phase transition in a trapped neutral-atom Fermi gas. We consider the case where the critical temperature greatly exceeds the spacing between the trap levels and derive the corresponding Ginzburg-Landau equation. The latter turns out to be analogous to the equation for the condensate wave function in a trapped Bose gas. The analysis of its solution provides us with the value of the critical temperature T c and with the spatial and temperature dependence of the order parameter in the vicinity of the phase transition point. ͓S1050-2947͑98͒50608-7͔ PACS number͑s͒: 03.75. Fi, 05.30.Fk The recent progress in the studies of ultracold trapped Bose gases and the discovery of Bose-Einstein condensation ͓1-3͔ have stimulated an interest in macroscopic quantum phenomena in trapped Fermi gases. The most prominent phenomena should be connected with a superfluid phase transition associated with the appearance of the order-parametermacroscopic wave function of strongly correlated twoparticle states on the Fermi surface ͑Cooper pairs͒. The possibilities of finding this phase transition in trapped Fermi gases have been discussed in Refs. ͓4-6͔.
The recent progress in the studies of ultracold trapped Bose gases and the discovery of Bose-Einstein condensation ͓1-3͔ have stimulated an interest in macroscopic quantum phenomena in trapped Fermi gases. The most prominent phenomena should be connected with a superfluid phase transition associated with the appearance of the order-parametermacroscopic wave function of strongly correlated twoparticle states on the Fermi surface ͑Cooper pairs͒. The possibilities of finding this phase transition in trapped Fermi gases have been discussed in Refs. ͓4-6͔.
A remarkable feature of neutral-atom Fermi gases is that the Cooper pairing and, hence, the superfluid phase transition can occur for both attractive and repulsive interparticle interaction. For an attractive interaction ͑negative scattering length a͒ the pairing occurs in the s-wave channel, as described by the standard BCS approach, and one has ''singlet'' Cooper pairs. In a neutral-atom Fermi gas, according to the Pauli principle, such a pair can only be formed by two atoms that are in different hyperfine states. Therefore, the critical temperature T c of the transition is very sensitive to the difference in concentrations of the two hyperfine components, and under the condition ⌬n/nϵ(n 1 Ϫn 2 )/(n 1 ϩn 2 ) տT c / F Ӷ1, where F ϳប 2 n 2/3 /m is the Fermi energy, there will be a complete suppression of the spin-singlet pairing. For 6 Li with aϷϪ1140 Å ͓7͔, one has T c Ϸ30 nK for the atom density nϭ4ϫ10 12 cm Ϫ3 ͓4͔, and the existence of the s-wave pairing requires ⌬n/nϽ3ϫ10 Ϫ2 . For positive scattering length ͑repulsive interaction͒ the s-wave pairing is impossible, and one has to consider the mechanism of p-wave ''triplet'' pairing, which originates from the effective interaction caused by polarization effects ͓8͔. Actually, this pairing mechanism is insensitive to the sign of the scattering length. It works equally well for aϽ0 in the situation where the direct s-wave pairing is suppressed. In these cases the Pauli principle allows us to have Cooper pairs formed by two particles that are in one and the same hyperfine state, whereas the particles in other hyperfine states participate only in the formation of the effective pairing interaction. Therefore, the p-wave ''triplet'' pairing does not require any severe restriction on ⌬n. As found ͓9͔, the corresponding critical temperature T c depends nonmonotonically on n i and becomes zero only in the case where all particles are in the same hyperfine state. Since the effective interaction based on polarization effects is weaker than the direct interparticle interaction, the p-wave triplet pairing results in a lower value of T c as compared to the critical temperature for the s-wave pairing. For example, for the p-wave pairing in a gas of 6 Li the critical temperature T c Ϸ30 nK corresponds to densities n i Ϸ10 13 cm Ϫ3 of different hyperfine state components. ͑To reach this value one has to trap three hyperfine states and adjust their concentrations with an accuracy of ⌬n/nϳ0.1; see Ref.
͓5͔.͒
In this paper we study the influence of a ͑harmonic͒ trapping potential on superfluid pairing. We derive the corresponding Ginzburg-Landau ͑GL͒ equation for the order parameter, assuming the critical temperature T c to be much higher than the level spacing ⍀ in the trap. The analysis of this equation provides us with the value of T c for the trapped gas and gives the coordinate and temperature dependence of the order parameter in the vicinity of the phase transition. As found, the critical temperature is slightly lower than that for a spatially homogeneous Fermi gas with density n 0 ͑maxi-mum density of the trapped gas͒, and the behavior of the order parameter resembles the behavior of a trapped Bose condensate.
We consider a two-component neutral gas of fermionic atoms, with a short-range interatomic interaction, trapped in a spherically symmetric harmonic potential. The two ͑hyper-fine͒ components are labeled by indices ␣ϭϮ and are assumed to have equal concentrations. The Hamiltonian of the system has the form ͑បϭ1͒
where is the chemical potential ͑Fermi energy͒, ⍀ the trap frequency, gϭ4a/m the interaction strength, and m the atom mass. The interaction effects can be expressed in terms of a small gaseous parameter ϭ2͉a͉p F /Ͻ1, where p F ϭmv F ϭ(3 2 n 0 ) 1/3 is the Fermi momentum. In the spatially homogeneous case the system of fermions described by the Hamiltonian ͑1͒, with ⍀ϭ0, undergoes a superfluid phase transition. The transition temperature T c (0) and the type of pairing depend on the sign of a. For negative a ͑attractive interaction͒ there will be the s-wave singlet pairing, whereas for positive a the p-wave triplet pairing should take place ͑see Ref. ͓8͔ for details͒. In both cases the critical temperature T c (0) ϭC F exp͕Ϫ1/⌫͖, where F ϭp F 2 /2m is the Fermi energy, ⌫ the pairing interaction, and C a numerical coefficient of order unity. The value of C and the expression for ⌫ depend on the type of pairing. For the singlet pairing one has ⌫ϭ, and for the triplet pairing ⌫Ϸ 2 /13. In the Thomas-Fermi approach ( F ӷ⍀) the density profile of the trapped Fermi gas is n(r)ϭn 0 "1Ϫ(r/R TF ) 2 … 3/2 , and the Thomas-Fermi radius R TF ϭv F /⍀ turns out to be the natural length scale in the system. One can also introduce the local Fermi momentum p F (r)ϭp F "1Ϫ(r/R TF ) 2 … 1/2 and the density of states on the local Fermi surface, 0 (r) ϭmp F (r)/2 2 . It should be noted that all these quantities are only slightly influenced by the superfluid pairing, because the latter involves only a small fraction of particles (ϳT c / F Ӷ1), with energies close to the Fermi energy.
For describing the phase transition one has to introduce the order parameter, which in the case of singlet pairing is a complex function ⌬(r)ϳ͗ (r) Ј (r)͘ Ј , with Ј being the antisymmetric tensor. For the triplet pairing the order parameter is a 3ϫ3 complex matrix ⌬ i j (r)ϳ( 2 i ) ␣␤ ϫ͗ ␣ (r)‫ץ‬ j ␤ (r)͘, where i are the Pauli matrices. The time-independent Ginzburg-Landau ͑GL͒ equation describes the equilibrium behavior of the order parameter ⌬͑r͒ below T c , assuming T c ϪTӶT c . The critical temperature T c can be found as the temperature below which this equation has a nontrivial solution. We present the derivation of the GL equation for the trapped Fermi gas in the case of singlet pairing (gϽ0), relying on the assumption that
The derivation of the GL equation for the triplet pairing can be performed along the same lines, and should be based on the results of Ref.
͓10͔.
For the s-wave singlet pairing the equilibrium GL free energy ͑⌬-dependent part of the free energy͒ can be written in the form
where we use the Matsubara representation, and the symbol ͗¯͘ 0 stands for the average over the states of the freeparticle Hamiltonian ͓first term in Eq. ͑1͔͒. In the vicinity of the phase transition the quantity ⌬ is small, and the second term in Eq. ͑2͒ can be expanded in powers of ⌬. As usual, we perform this expansion up to the fourth power. The coefficients of the expansions ͑kernels͒ can be expressed in terms of the Green function of the normal state ͑without pairing͒, G (0) (r 1 ,r 2 ). As will be justified below, the order parameter varies on a distance scale l ⌬ that is much larger than the characteristic distance scale K ϳv F /T c of these kernels. Accordingly, F GL ͓⌬͔ can be represented as ͑hereinafter we use R TF as a unit of length͒
where Rϭ(r 1 ϩr 2 )/2, rϭr 1 Ϫr 2 , ⌬ϵ⌬(R), and
Here (x) is the Riemann zeta function, and the summation is performed over the Matsubara frequencies ϭT(2n ϩ1), nϭ0,Ϯ1, . . . . The condition T c (0) ӷ⍀ allows us to use the quasiclassical expression for the product of two Green functions:
which can be obtained from the corresponding expression for the spatially homogeneous case, with the replacement p F →p F (R). The validity of Eq. ͑7͒ requires the condition (1ϪR 2 )ӷ(⍀/T) 2 . The use of Eq. ͑7͒ for calculating the kernels K 0 (2) and K 1 2 is justified by the fact that the pairing takes place only in the central region of the gas cloud, and the characteristic size of this region l ⌬ Ӷ1. The main contribution to K 1 (2) comes from frequencies ͉͉Ӷ F , and a straightforward calculation yields
where ϭͱ7(3)/48 2 (⍀/T)ϭ0.13(⍀/T)Ӷ1. The calculation of K 0 (2) is more subtle, because the frequency sum in Eq. ͑5͒ diverges. The divergency can be eliminated in a standard way by renormalization of the bare interaction g, and finally one has
Then, the final expression for the GL free energy can be written in the form
where 0 (R)ϭ 0 ͱ 1ϪR 2 , F (R)ϭ F (1ϪR 2 ), and the symbol ͑¯͒ stands for the same combination of derivatives of ⌬ as in Eq. ͑3͒. The analogous expression for the ''triplet'' pairing can be obtained from Eq. ͑9͒, with the replacements →⌫Ϸ 2 /13, ͉⌬͉ 2 →tr(⌬ † ⌬), and ͉⌬͉ 4 →tr(⌬ † ⌬) 2 . Since only small distances RϳͱӶ1 in Eq. ͑9͒ are important for pairing, we will make an expansion in powers of R and retain only the largest ͑quadratic͒ terms. Then the minimization of Eq. ͑9͒ with respect to ⌬* gives the GL equation
We stress once more that Eq. ͑10͒ is valid under the condition ⌬/TӶ1, which, in turn, implies that T c ϪTӶT c . It is interesting to emphasize that Eq. ͑10͒ for ⌬ is formally equivalent to the nonlinear Schrödinger equation for the condensate wave function ⌿ 0 in a Bose gas of neutral particles of ''mass'' 1/2 2 in a harmonic confining potential
. The last ͑nonlinear͒ term on the left-hand side plays the role of repulsive interparticle interaction, and the third term ln (T c (0) /T) the role of the chemical potential. Accordingly, the calculation of the shape of ⌬ is similar to the calculation of the shape of ⌿ 0 in a trapped Bose gas, performed in, e.g., ͓11,12͔. But there is an important difference. In the Bose gas the amplitude of ⌿ 0 is determined by the normalization condition. Together with the Schrödinger equation this condition gives the chemical potential as a function of the particle number. Hence, for a small interparticle interaction the nonlinear term is not important at all. In the Fermi gas the amplitude of ⌬ is always determined by the nonlinear term.
The critical temperature T c for the trapped Fermi gas is the maximum temperature T at which Eq. ͑10͒ has a nontrivial solution. As usual, ⌬→0 for T→T c , and for finding T c the nonlinear term in Eq. ͑10͒ can be omitted. Then the GL equation becomes similar to the Schrödinger equation for spherically symmetrical oscillator, and we obtain
One can see from Eq. ͑11͒ that the critical temperature T c for the trapped gas is only slightly lower than T c (0) for the homogeneous gas with density n 0 .
As well as in the case of a trapped Bose condensate, the shape of the order parameter in Eq. ͑10͒ is predetermined by the ratio z of the nonlinear term ͉⌬͉ 2 /T 2 to the level spacing 2 . Since the nonlinear term is on the order of the difference between the ''chemical potential'' ln(T c
/T) and its minimum value ͑11͒, we have
where ␦TϭT c ϪT.
For zӶ1 and, hence, T very close to T c , the nonlinear term in Eq. ͑10͒ does not influence the shape of the order parameter, and the latter takes the form of a Gaussian:
The linear size of the spatial region where the pairing takes place, l ⌬ ϭ/ ͱ Ӷ1, is finite for T→T c . Moreover, l ⌬ ӷ K ϳ⍀/T c , which justifies the gradient expansion in Eq. ͑3͒. For finding the amplitude of the order parameter, ⌬(R ϭ0), in the limiting case zӶ1 we write ⌬ in the form ⌬(R,T)ϭ␣(T)͓ 0 (R)ϩ␦(R,T)͔, where ϭ 0 ϩ␦ obeys the normalization condition ͐ R ͉(R,T)͉ 2 ϭ1, and ␦→0 for T→T c . Then Eq. ͑10͒ is transformed to 
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